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In theory, one may obtain five equations from each attaching point of a
spring—mass system and two boundary—equations from each end of the uniform
beam. Hence, for a uniform beam carrying » spring—mass systems, simultaneous
equations of the form [B]{C} = 0 will be obtained. The solutions of |B| = 0 (where
|'| represents a determinant) give the natural frequencies of the ‘“‘constrained”
beam and the substitution of each corresponding values of C; (j = 1 ~ 4) into the
eigenfunction will define the associated mode shapes. While the foregoing theory
is simple, the lengthy explicit mathematical expressions become impractical if the
total number of spring—mass systems is larger than “‘two”. For this reason, it was
applied to do the free vibration analysis of a uniform beam carrying “one”
spring—mass system only in the existing literature. The purpose of this paper is
to present a numerical technique to apply the foregoing theory to obtain the exact
solutions for the lowest several natural frequencies and mode shapes of a uniform
beam carrying “any number of” spring—mass systems with various boundary
conditions. To this end, each integration constant C,; and each mode displacement
Z,(v=1~n,i=1~ 4) at the attaching point and the two ends of the beam are
considered as nodal displacements of a finite beam element and are assigned an
appropriate degree of freedom (dof). Hence, each associated coefficient matrix will
be equivalent to the stiffness matrix of a beam element, and the conventional
numerical assembly technique for the finite element method (FEM) may be used
to determine the ‘“overall” coefficient matrix [B]. Therefore, the eigenvalue
equation [B]{C} = 0 is easily obtained.

© 1999 Academic Press

1. INTRODUCTION

Although the analytical solution for the natural frequencies and mode shapes of
a uniform beam or plate may be obtained with no difficulty [1], trouble arises when
the beam or plate is attached by any kind of “‘concentrated elements”, such as
elastically mounted point masses, rigidly attached point masses, translational
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springs, and/or rotational springs [2-22]. Since the natural frequencies of a beam
or plate carrying a spring—mass system may deviate considerably from those of
the beam or plate itself, a lot of researchers have devoted themselves to study this
problem. The solution of this problem has usually been obtained by means of the
exact analysis [2-5], or the numerical (approximate) method [6-9].

In theory, most of the approaches presented in the foregoing literature may be
extended to solve the eigenvalue problems for a uniform beam or plate carrying
“any number of’ concentrated elements. In practice, however, they are not easily
implemented because of the complexity of the mathematical expressions. For this
reason, the total number of ‘“‘concentrated elements” illustrated in references
[1-17] is less than “‘two”.

To circumvent the drawback of the existing approaches, this paper presents a
numerical assembly technique to derive the eigenvalue equation [B]{C} = 0, and
then the conventional methods (e.g., half-interval method and Gauss—Jordan
reduction method) were used to solve the eigenvalues and the corresponding
eigenvectors. By considering the two (left and right) ““sides” of any attaching point
for a spring—mass system to the uniform beam and the two (left and right) “ends”
of the uniform beam as nodal points, the associated integration constants C;
(i=1~5n+ 4) and mode displacement Z, (v =1 ~ n) can be viewed as nodal
displacements, so that the associated coefficient matrix [B.], [B,] or [Bz] may now
be considered as the element stiffness matrix of a beam element and the
conventional assembly technique of the direct stiffness matrix method for the finite
element method (FEM) [23] may be used to obtain the “overall” coefficient matrix
[B]. Any trial value of @& that renders the value of the determinant of the overall
coefficient matrix equal to zero (i.e., |B| = 0) represents one of the natural
frequencies of the “constrained’ beam (i.e., the uniform beam together with all the
attached spring—mass systems), and the substitution of each corresponding value
of C; (j =1~ 4) into the eigenfunction determines the associated mode shapes.

To show the utility of the present approach, the lowest five natural frequencies
and mode shapes of a uniform beam carrying one, three and five spring—mass
systems, respectively, were calculated. In each case, the four boundary conditions
of the uniform beam were studied: clamped—free, simply supported—simply
supported, clamped—clamped, and clamped-simply supported. It was found that
the agreement between some of the present results and the existing ones was good.

2. FORMULATION OF THE PROBLEM
2.1. EQUATIONS OF MOTION AND THE COMPATIBLE CONDITIONS

Figure 1 shows a cantilever beam carrying n spring—mass systems. The whole
cantilever beam with length / is subdivided into (n + 1) segments by the attaching
point @ located at x =x, (v =1, 2,...,n), where @ denotes the vth “attaching
point” and (v) denotes the vth “segment”. In addition, the left and right ends of
the beam are denoted by @ and ®, respectively.
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Figure 1. A cantilever beam carrying n spring—mass systems.

If the equations of motion of the “constrained” beam and the vth sprung mass
are respectively represented by

oy(x, ) o Pp(x, 1)
EI RRE + m FTo 0 (1)
mz, + k,(z.—y.)=0 or mi, = —k(z,— y.) 2

then the compatibility of the deflection of the “‘constrained” beam at the vth
attaching point requires that

Ve (X, 1) = ¥ (X0, 1), (3)
v, 1) = iR (%, 1), 4)
W, 1) = (X, 1), ®)

where E is the Young’s modulus, / is the moment of inertia of the cross-sectional
area, /1 is the beam mass per unit length, m, and k, represent the point mass and
spring constant of the vth spring—mass system, Z, and z, are the acceleration and
displacement of the vth sprung mass (relative to its static equilibrium position),
Ve, y. and y. are the deflection, slope and curvature of the ‘“‘constrained” beam
at the vth attaching point, and the superscripts “L” and “R” represent the left
side and right side of the vth attaching point, respectively.

The force equilibrium between the beam and the sprung mass requires that

EIy""(x,, t) — EIy)""(x,, t) = m,Z,. (6)

The boundary conditions for the cantilever beam are given by
y(0,17) =0, y'(0,1) =0, (7a, b)
V', 1) =0, ', 1) =0, (7c, d)



454 J.-S. WU AND H.-M. CHOU

2.2. DERIVATION OF FREQUENCY EQUATION

When the “constrained” beam undergoes free vibration, the instantaneous
displacements of the beam and the sprung masses take the form

y(x, 1) = Y(x)e” ()
z, = Z, e, v=1,2,...,n, 9

where Y(x) and Z, represent the amplitudes of y and z,, respectively, and @&
represents the natural frequency of the “constrained” beam.
The substitution of equation (8) into equation (1) gives

Y"(x) — fY(x) = 0, (10)

where

Bt = MY El or @ = (B/)° ( rg}), (an

and from equations (2), (8) and (9) one obtains
kY, — (k. — m®>)Z,=0
or
Yo+ (=14+7y)Z =0, (12)
where

Y, = DJw,, w, = /k,/m,. (13)

Similarly, when equations (8) and (9) are introduced into equations (3)—(7), one
obtains

Yi(n) =Yi(x),  YH(x)=Y"(x),  Y(n) = YH(x) QNCONE

*
YU = YU + e (B2 = 0 6)
where
myk = m,/my, m, = mt (14)
and
Y(0) =0, Y’(0) =0, (7a)’, (7b)’

Y'(/)=0, Y"(/)=0. (7cy, (7dy
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The solution of equation (10) takes the form
Y(x) = C, sin fix 4+ C; cos fix + C; sinh fx + C, cosh fx. (15)
or “the vth segment” the last equation may be rewritten as
Y. (&) = Cusin f£E + Cucos f£E + Cusinh f£E + Cucosh pZE, (16)
where
E=x/l. (17)

From equations (15)—(17) one has

Y. (x)=- Y/ (&) = B[C.icos pLE — Cysin f£E + Cyscosh p£E + Coysinh f£E],

?
(18)
Y/ (x) = /2 Y/ (&) = B{— Cu sin B£E — Ciacos BLE
+C,s sinh B£E + Cu cosh BE), (19)
Y/ (X) = & Y70 (&) = = Cu cos BLE + Co sin BLE
+C,s cosh /& + Cuysinh prE], (20)

where ¢, < &< &

From Figure 1 one sees that the left end of the beam, ©, coincides with the
left end of the first segment (v = 1), hence, from equations (7a)’, (7b)” and (16)—(18)
one obtains

Y(O) = Clz + C14 = 0, (2121)
Y/(O) = ﬂ[cn + C13] =0 or C;+Cs=0. (21b)
To write equations (21a) and (21b) in matrix form gives
[B.{C.} =0, (22a)
where
1 2 3 4
0 1 0 1]1
{CL} = {Cn Cn Cis C14} = {61 G, G 64}, (22¢)

where the symbols [] and {} represent the rectangular matrix and the column
vector, respectively, and

Cl = Cll, Cz = C123 63 = C13, 64 = C14- (22d)
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In equation (22b) and the subsequent equations, the numbers shown on the top
side and right side of the matrix represent the identification numbers of degrees
of freedom (dof) for the associated constants C; (i =1, 2,...).

For the vth attaching point, from equations (3)’—(6)" and equations (16)—(20),
one obtains

Cusl, + Cp,e0, + Ci3sh0, + Cuuch0,
— Cyy180, — Cy 1 10¢0, — C, 4 138h0, — C, 4 14¢h0, = 0, (23)
C.icl, — Cp80, + Cyschf, + Cuushb,
— Cyp1¢0, + C,y 1280, — C, 4 15¢h0, — C,, 148h0, = 0, (24)
—Cu80, — Coe0, + Ci38h0, + C,4ch0,
+ Coy 180, + Co 1120, — C, . 138h0, — C, , 14¢h0, = 0, (25)
[—Ccl, + Cias0, + Cisch0, + Cousho,
+ C,i1.¢0, — C,y 1280, — C, 1 15¢hl, — C, 14800, ] + m* ($4)Z, = 0. (26)
Substituting equation (16) into equation (12) yields one additional relationship
C.s0, + Cae0, + Cp38h0, + Cuchl, + (—1 + y7)Z, = 0, (27)
where
s0, = sin B/¢,, ¢, = cos B¢, sh0, = sinh /¢, chl, = cosh f/¢,
(28a)
and
0, = pté,. (28b)

It is noted that in equations (3)—(6)’, the “left side” of the vth attaching point
located at x = x, (or £ = &,) belongs to the segment v and the “right side” belongs
to the segment v 4+ 1. Thus the associated coefficients are represented by C,; and
C,i1; (=1~ 4), respectively. Equations (23)—(27) in matrix form gives

[B.]{C.} =0, (29)



dvo—3 4v—-2 -1 4 4v+1 40+2 40+3 40+4 4v+5

s6, ch, shf, chf, —sf, —cf, —shf, —chf, 0 Sv—2

c0, —s0, chd, shO, —c0, sO, —ch0, —sho, 0 S5v — 1
—s0, —cBO, shO, cho, s0, cl, —sh0, —cho, 0 Sv (30)
—cb, s0, chd, sho, co, —sf, —chf, —shl, mX*(p/) Sv+1

s0, c0, sh0,  cho, 0 0 0 0 -1+ Sv+2

SASSVIN ONIAYIVD IWvVHd
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{(C.}=1{Ci Co Cs Cu Ciyry Ciyra Coiiz G Zo)
={Ciu-s Ciur Ciu_1 Ciu Cuyii Cuyr Cuyis Cuis Cuis)y
(31
where
Co—3y=C,, Cu2=Cao,..., Coia=Ciira, Cuis=2Z,. (32

Since the right end of the beam, ®, coincides with the right end of the (n + 1)th
segment (v =n + 1), as may be seen from Figure 1, hence from equations (7c)’,
(7d)” and (19), (20) one obtains

—Cyynsinf — C,iiac08 .+ C,5sinh f + C, . 14cosh fZ =0, (33a)
—Cyi1c08fl — Coiinsin f+ C,3cosh f + C,14sinh fZ =0, (33b)
or
[B:]{Cr} =0, (34)
where

4n + 1 dn+2 4n+3 4n+4
[Br]= | —sin ff/ —cos f/  sinh £ cosh i/ p—1, (39)
—cos i sin i cosh f/  sinh f/ p

{CR} - {Cn+],l Cn+l,2 Clr+l,3 Cn+l,4}

== {C4l1+1 C4n+2 C4n+3 C4n+4}9 (36)

C4n+1 = Cn+1.ls C4n+2 = Cn+l.23 C4n+3 = Cn+1,3a C4n+4 = Cn+1,4a
(37
p=>5n+4. (38)

In the last equations, p represents the total number of equations. From the above
derivations one sees that from each attaching point for a spring—mass system one
may obtain five equations (including three compatibility equations, one
force-equilibrium equation and one governing equation for the sprung mass), and
from each boundary (@ or ®) one may obtain two equations. Hence, for a beam
carrying n spring—mass systems, the total number of equations that one may obtain
for the integration constants C,; and mode displacements Z, (v =1 ~n,i =1~ 4)
is equal to 5n + 4, i.e., p = 5n + 4 as shown by equation (38). Of course, the total
number of unknowns (C,; and Z,) is also equal to 5n + 4. From equation (16) one
sees that the solution Y,(¢) for each beam segment contains four unknown
integration constants C,; (i = 1 ~ 4), and from equations (12) and (6)" one sees that
the governing equation or the force-equilibrium equation for each sprung mass
contains one additional unknown Z,. Hence if a beam carries n sprung masses,
the total number of the beam segment is n + 1 and thus the total number of
unknowns (C, and Z,) is equal to 4(n+ 1) + n=5n+ 4 = p.
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If all the unknowns C,,and Z; (v =1 ~n, i = 1 ~ 4) are replaced by a column
vector {C} with coefficients C; (j =1, 2, ..., p) defined by equations (22d), (32)
and (37), then the matrices [B.], [B.] and [Bx] are similar to the element property
matrices (for the finite element method) with corresponding identification numbers
of degrees of freedom (dof) shown on the top side and right side of the matrices
defined by equations (22b), (30) and (35). Based on the assembly technique for the
direct stiffness matrix method, it is easy to arrive at the following coefficient
equation for the entire vibrating system

[B(C} = 0. (39)
The non-trivial solution of the problem requires that
|B| =0, (40)

which is the frequency equation, and the half-interval technique [24] may be used
to solve the eigenvalues @; (i=1,2,...).

To substitute each value of @, into equation (39) one may determine the values
of unknowns C; (i = 1 ~ p). Among which, C, = C,, C, = C,, Cs = C;, Cy, = C,.
Hence the substitution of C;, (j=1~4) into equation (15) will define the
corresponding mode shape Y?”(¢). For a cantilever beam carrying one (n = 1) and
two (n = 2) spring-mass systems, the corresponding matrices [B]y and [B], are
shown in the Appendix [see equations (Al) and (A2)]. From the lengthy
expressions one sees that the conventional explicit formulations are not suitable
for a beam carrying more than three (n = 3) spring—mass systems. However, the
numerical assembly technique presented in this paper may easily solve this
problem.

3. DETERMINATION OF [B,] and [Bz] FOR VARIOUS
SUPPORTING CONDITIONS

From the last section one finds that the forms of [B,] for each attaching point
of the spring—mass system have nothing to do with the boundary conditions of
the carrying beam. Hence, for a “‘constrained” beam with various supporting
conditions, the only thing one should do is to modify the values of the two
boundary matrices [B;] and [Bz] given by equations (22b) and (35), respectively,
according to the associated boundary conditions. Then the same assembly
procedures presented in the last section may be followed. This is one of the
predominant advantages of the presented approach. The boundary matrices [B,]
and [Bg] for various boundary conditions are listed below:

(1) Hinged-hinged beam

1 2 3 4
S0 1 0 17 1 41)
[B.]= [0 10 1} 2

4n + 1 dn+2 4n+3 4n+4

(B = [ sn? pt cos i/ s%nh p¢  cosh f/ } p—1 @)
—sin ¢ —cos f/ sinh ¢ cosh ff/ p
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(2) Clamped—clamped beam

1 2 3 4

01 0 171
B/l = , 43
B.] [1010}2 (43)

dn+1 4n+2 dn+3 4dn+4

[Ba] = |:sin i14 cqs B¢ sinh 7 c?sh ﬁ/} p—1 (44
cos ff —sin ¢ cosh f/  sinh B/ p

(3) Clamped—hinged beam

1 2 3 4

01 0 17 1
B/l = s 45
B.] [1010}2 (45)

4n + 1 dn+2 4n+3 4n+4

sin §/ cos f/  sinh £ cosh ¢ p—1
[Br] = . . (46)
—sin f/  —cos f/ sinh ¢ cosh ff/ p

4. NUMERICAL RESULTS AND DISCUSSION

The dimensions and physical properties for the uniform beam studied here
are: /=10m, d=005m, E=2069 x 10" N/m*>, p = 7-8367 x 10’ kg/m’,
m = pA = 153875 kg/m, I = nd*/64 = 3-:06796 x 10" m*, m, = m/ = 15-3875 kg,
k, = EI//® = 6-:34761 x 10* N/m. It is worth mentioning that m, represents the
total mass of the beam, and k, represents one-third (1/3) of the spring constant
of a clamped—free beam at the free end. Since m, and k, are the important mass
parameter and stiffness parameter of a uniform beam, respectively, they are used
as the bases of dimensionless parameters m* (=m;/my) and k* (=k:/ky),
i=1,2,...1in the following discussion.

4.1. RELIABILITY OF THE THEORY AND THE COMPUTER PROGRAMS

In the existing literature, only the case of a uniform beam or plate carrying
one” spring—mass system can be found [2-8]. For example, reference [3]
determined the natural frequencies of a cantilever beam carrying “one” elastically
mounted point mass at & = x;// = 0-75, and the dimensionless spring constant
and point mass were: k¥ = k,/k, = 3-0 and m{* = m,/m;, = 0-2. A similar problem
was also studied in reference [2], but the sprung mass was located at the free end
(i.e., &, = 1-0) and the dimensionless magnitudes of spring constant and point mass
were: ki = 1000 and m* = 0-5. The lowest five natural frequencies of the
“constrained” cantilever beam, @, (i = 1 ~ 5) (rad/s), are shown in Table 1. From
Table 1 one sees that the values of @; (i = 1 ~ 5) obtained from the present method

13



TABLE 1

The lowest five natural frequencies @; (i =1 ~ 5) for a cantilever beam carrying “one” spring—mass system

Natural frequencies (rad/s)
A

Location P
é] = Xl// kl* = % ml* = L] Methods (l_)l (l_)z (I)} (,(_)4 (,(_)5
b my
0-75 30 0-2 Present 174-2030 3221513 1415-5524 39647796 7766-4614
Reference [3] 174-2097 322-1653 1415-5823 3964-9742 77667348
1-0 100 0-5 Present 128-6160 971-9372 2131-4107 4210-0351 7879-2394
Reference [2] 128-6211 - - - -

Note: / = 1-0 m; k, = EI//* = 6:34761 x 10* N/m; m, = m/ = 15-3875 kg.

TABLE 2

The lowest five natural frequencies @, (i =1 ~ 5) for a uniform beam carrying “one’ spring—mass system

Natural frequencies (rad/s)
A

Boundary Location \
conditions & =x1/t k¥ = % mi =" @, @, @; o @s
b i
CF 174-2030 322-1513 1415-5524 3964-7796 7766-4614
SS 0-75 3-0 02 243-8579 645-2030 2540-5306 5706-1886  10142-4012
CcC 247-9185 1440-2751 3964-3645 7766-8230  12836-:6308
CS 245-9788 1000-1317 3212-8284 6696-1421 11449-8613

Note: £ = 1-0m; k, = EI//* = 6:34761 x 10° N/m; m, = m/ = 15-3875 kg.

SASSVIN ONIAYIVD IWvVHd
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0.00 & [ / ,"\\ 0.00
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. ‘\‘ / ’,". \
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_o50 |- Sthmode=\ A S Vo oso
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g 4th mode \
= -1.00 * * * * 1 _1.00
2 0.00 0.20 0.40 0.60 0.80 1.00 0.00
o
& 1.00 ©) 1.00
g MO TS -
o A SN 'f»\ /4 } h / “‘\
b= S/ s \endmode,s Ny
/0,y o -4th mode)” .
050 ;5 SN : \ 050 [~/ ) .
N N AN BAL R 8
e [ 4 I \‘\“\ e SN \ / 4th mode\\
£’ 1st mode b ; N 2*2nd mode | ) 4
0.00 Klstmode 1 0.00 e /-._ { 3rd mode/
\ o ' il
\ / ¢l
050 . ~0.50 - i
\. | \’ 3 5th mode - \\//
~1.00 \/l | e | ~1.00 | -
0.00 0.20 0.40 0.60 0.80 1.00 0.00 0.20 0.40 0.60 0.80 1.00
E=xle

Figure 2. The lowest five mode shapes 7:(¢) (i=1~ 5) for a uniform beam carrying “one”
spring-mass system with spring constant k, = 3K, = 190428 x 10° N/m and point mass
m; = 0-2m, = 3-0775 kg located at & = x;// = 0-75 for the support conditions. (a) CF, (b) SS, (¢)
CC and (d) CS.

TABLE 3
The lowest five natural frequencies @; (i =1 ~5) for the uniform beam carrying
“three” spring—mass systems (k, = 3k,, my = 0-2m,; k, = 4-5k;,, my, = 0-5my;
k} = 6k},, ms = IOmb)

Locations of the three
spring-mass systems

E=xi/t Natural frequencies (rad/s)
Boundary A N r A N
conditions & & & @ > s N @s
CF 102-7994 188-7347 248:6439 349-1161 1427-9521
SS 0-1 0-4 0-8  152-7341 185-0950 247-8314 677-5961 2548-6577
CcC 156:6703 190:6994 248:6622 1454:2932 3968-4732
CS 154-6730 189-8148 248:6554 1017-8438 3211-9416

Note: 7 = 1-0m; k, = EI//? = 634761 x 10* N/m; m, = m/ = 15-3875 kg.
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(a) (b)
1.00 — 1.00 —
2nd mo\c‘ie _/.-/ / 2nd mode .°,
A /
0.50 - i / 0.50
,'/ 1st mode //
¢/ y
0.00 F==T_ A 0.00 /
N Tl /5th mode o
\:. \‘\ / \‘-\\ / R
NI e WA / 3rdmode < .-
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> 100 1 1 1 L] 100 Nk 1
2 0.00 0.20 0.40 0.60 0.80 1.00 0.00 0.20 0.40 0.60 0.80 1.00
]
G (c) (d)
o 1.00 - .
e}
)
>
0.50 —
1§mode / /\‘ \
/ 2nd mode\\ \
0.00 <. / »
\ \\\ 5th mod\e\‘/ 3rd mode.,-",:"
-0.50 =\ N\ / -0.50 = %N\ /
\, W/ * 7 4th mode . R
N \-. / -7 /'4th mode
~1.00 Ll [oel ot l -1.00 [N
0.00 0.20 0.40 0.60 0.80 1.00 0.00 0.20 040 0.60 0.80 1.00

E=xle

Figure 3. The lowest five mode shapes j; (£)(i = 1 ~ 5) for a uniform beam carrying ‘““three”
spring—mass systems with spring constants k; = 3k,, k» = 4-5k;, k; = 6k, and point mass m; = 0-2m,,
my = 0-5my,, my = 1-0m, located at & = x,// =01, & = x2/0 = 04, & = x3/¢ = 0-8 for the support
conditions: (a) CF, (b) SS, (c) CC and (d) CS, respectively.

TABLE 4

The locations and magnitudes of the “‘five” spring—mass systems on a
uniform beam

Locations Magnitudes of spring constants Magnitudes of point masses
éi = xi// ki* = ki/kb mi* = mi/mlz
N A N
r Al r Al r Al
& & &G & &k k3 ki k¥ k¥ omF  mF  m¥  mE  m¥

0-1 02 04 06 0.8 3 35 45 5 6 02 03 05 065 10
Note: 7 = 1-0m; k, = EI//? = 634761 x 10* N/m; m, = m/ = 15-3875 kg.
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E=xle

Figure 4. The lowest five mode shapes 7:(¢) (i=1~ 5) for a uniform beam carrying “five”
spring—mass systems with locations and magnitudes shown in Table 4 for the support conditions:
(a) CF, (b) SS, (c) CC and (d) CS, respectively.

are very close to those from reference [3] or [2]. Hence, the reliability of the theory
presented and the computer programs developed in this paper should be
acceptable. It is noted that the eigenvalues presented in references [3] and [2] are
the frequency coefficients B;7, and those shown in Table 1 are the actual natural
frequencies @;, the relationship between them given by @, = (B;¢)?

Ellm/* (i=1,2,...).

4.2. A UNIFORM BEAM CARRYING ANY NUMBER OF SPRING—MASS SYSTEMS

In this section, the presented method is used to calculate the lowest five natural
frequencies and the corresponding mode shapes of a uniform beam carrying “any
number of”” sprung masses, to demonstrate the availability of the method for a
general constrained beam. Four boundary (/and supported) conditions of the
utility constrained beam are studied here. For convenience, a two-letter acronym
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TABLE 5

The lowest five natural frequencies @; (i = 1 ~ 5) for a uniform beam carrying ““five”
spring—mass systems

Natural frequencies (rad/s)
Al

r A
Boundary conditions @ @ @ o @s
CF 974880  171:6770  190-1782  218-7927  248-6537
SS 1509571 169-4729 187-9147  217-1279  247-9868
CC 156:6318 1759684  190-8985  218-8880  248-6641
CS 1542684  173-8962  190-4056  218-8299  248-6588

Note: £/ = 1-0m; k, = EI//* = 6:34761 x 10* N/m; m, = m/ = 15-3875 kg.

is used to designate the type of support, starting from the left end to the right end.
Hence, if the clamped, free and simply supported ends are denoted by C, F and
S, respectively, the boundary conditions of Tables 2, 3 and 5 may be represented
by CF, SS, CC and CS, respectively.

For the case of a uniform beam carrying ‘“one” sprung mass located at
& = 0-75, if the spring constant and point mass are k; = 3k;, and m;, = 0-2m,, then
the lowest five natural frequencies @; (i =1 ~ 5) and the corresponding mode
shapes 7;(£) of the uniform “‘constrained”” beam are shown in Table 2 and Figure
2, respectively.

For the case of a uniform beam carrying ‘“‘three’” sprung masses located at
& =01, & =04 and & = 0-8, where the respective spring constants of the three
spring-mass systems are k; = 3k,, k, = 45k, and k; = 6k,, and the respective
magnitudes of the three sprung masses are my; = 0-2m,, m, = 0-5m, and
ms; = 1-0m,, the lowest five natural frequencies @; (i=1~5) and the
corresponding mode shapes 7:(¢) of the uniform “constrained” beam are shown
in Table 3 and Figure 3, respectively.

For the case of a uniform beam carrying “five” spring—mass systems with the
locations and magnitudes of the five springs and five sprung masses summarized
in Table 4, the lowest five natural frequencies @, (i = 1 ~ 5) and the corresponding
mode shapes 7:(¢) are shown in Table 5 and Figure 4 respectively.

It is noted that the mode shapes 7;(¢) shown in Figures 2—4 are normalized such
that the maximum value of each mode is equal to unity.

5. CONCLUSION

13

For a uniform beam carrying more than ‘“two” spring—mass systems, the
determination of exact solutions for the natural frequencies and mode shapes of
the “constrained” beam is usually not easy. However, by means of the technique
presented in this paper, one may obtain the exact natural frequencies and mode
shapes of a uniform beam carrying “any number of” spring—mass systems with
no difficulty.



466 J.-S. WU AND H.-M. CHOU

ACKNOWLEDGMENT
The authors wish to thank Professor Metin Glrgoéze of the Faculty of

Mechanical Engineering, Istanbul Technical University, for his valuable
comments.

1
2

10.

11.

12.

13.

REFERENCES

. L. MERovITCH 1967 Analytical Methods in Vibrations. London: Macmillan.

. M. GURGOZE 1996 Journal of Sound and Vibration 190(2), 149-162. On the
eigenfrequencies of a cantilever beam with attached tip mass and a spring—mass
system.

. L. A. BERGMAN and J. W. NICHOLSON 1985 Journal of Vibration, Acoustics, Stress and
Reliability in Design 107(3), 275-281. Forced vibration of a damped combined linear
system.

. R. E. Rosst, P. A. A. LAURA, D. R. AvarLos and H. O. LARRONDO 1993 Journal of

Sound and Vibration 165(2), 209-223. Free vibrations of Timoshenko beams carrying

elastically mounted, concentrated masses.

H. LARRONDO, D. AvAaLOs and P. A. A. LAURA 1992 Ocean Engineering 19(5), 461-468.

Natural frequencies of a Bernoulli beam carrying an elastically mounted concentrated

mass.

L. ErcoLrt and P. A. A. Laura 1987 Journal of Sound and Vibration 114(3), 519-533.

Analytical and experimental investigation on continuous beams carrying elastically

mounted masses.

. M. U. JeN and E. B. MAGRAB 1993 Journal of Vibration and Acoustics 115(2), 202—2009.

Natural frequencies and mode shapes of beams carrying a two-degree-of-freedom

spring—mass system.

D. R. Avaros, H. A. LarroNDO and P. A. A. LAURA 1994 Journal of Sound and

Vibration 177(2), 251-258. Transverse vibrations of a circular plate carrying an

elastically mounted mass.

. D. R. Avaros, H. A. LARRONDO and P. A. A. LAURA 1993 Ocean Engineering 20(2),

195-205. Vibrations of a simply supported plate carrying an elastically mounted

concentrated mass.

P. A. A. LAura, J. L. PomBo and E. A. SUSEMIHL 1974 Journal of Sound and Vibration

37(2), 161-168. A note on the vibration of a clamped—free beam with a mass at the

free end.

P. A. A. LAURA, M. J. Maurizi and J. L. PomBo 1975 Journal of Sound and Vibration

41(4), 397-405. A note on the dynamic analysis of an elastically restrained—free beam

with a mass at the free end.

M. GURGOZE 1984 Journal of Sound and Vibration 96(4), 461-468. A note on the

vibrations of restrained beam and rods with point masses.

C. N. Baprat and C. BAPAT 1987 Journal of Sound and Vibration 112(1), 177-182.

Natural frequencies of a beam with nonclassical boundary conditions and

concentrated masses.

. P. A. A. Laura, C. P. FiLieicH and V. H. CorTiNEZ 1987 Journal of Sound and
Vibration 117(3), 459—465. Vibrations of beams and plates carrying concentrated
masses.

. J. C. BuRCcH and T. P. MITCHELL 1987 Journal of Sound and Vibration 114(2), 341-345.
Vibration of a mass-located clamped—free Timoshenko beam.

. H. ABraMOVICH and O. HAMBURGER 1991 Journal of Sound and Vibration 148(1),
162—170. Vibration of a cantilever Timoshenko beam with a tip mass.

. H. ABraMoVICH and O. HAMBURGER 1992 Journal of Sound and Vibration 154(1),
67-80. Vibration of a cantilever Timoshenko beam with translational and rotational
springs and with tip mass.



18

19.

20.

21.

22,

23.

24

BEAM CARRYING MASSES 467

. F. Z. Leg and E. SABEL 1952 Journal of Applied Mechanics 19(4), 471-477. Free
vibrations of constrained beams.

J. S. Wu and T. L. LiN 1990 Journal of Sound and Vibration 136(2), 201-213. Free
vibration analysis of a uniform cantilever beam with point masses by an
analytical-and-numerical-combined method.

J.S. Wu and C. G. HUANG 1995 International Journal of Communications in Numerical
Methods in Engineering 11(9), 743—756. Free and forced vibrations of a Timoshenko
beam with any number of translational and rotational springs and lumped masses.
J. S. Wu and S. S. Luo 1997 Journal of Sound and Vibration 200(2), 179-194. Use of
the analytical-and-numerical-combined method in the free vibration analysis of a
rectangular plate with any number of point masses and translational springs.

J. S. Wu and S. S. Luo 1997 International Journal for Numerical Methods in
Engineering 40, 2171-2193. Free vibration analysis of a rectangular plate carrying any
number of point masses and translational springs by using the modified and quasi
analytical-and-numerical-combined methods.

K. J. BATHE 1982 Finite Element Procedures in Engineering Analysis. Englewood Cliffs,
NIJ: Prentice-Hall.

. J. D. Fares and R. L. BURDEN 1993 Numerical Methods. Boston: PWS.

APPENDIX

For a cantilever beam carrying one (n=1) and two (n = 2) spring—mass

systems, the corresponding coefficient matrices [B]y, and [B]. are

[B:]ny =
C C, C; C, Cs Cs C; Cs Gy
0 1 0 1 0 0 0 0 0 1
1 0 1 0 0 0 0 0 0 2
sO,  c0, sh0, chf, —sO, —cO, —shl, —chb, 0 3
¢, —sO, chf, shh, —ch, sb, —chf, —shb, 0 4
—sf; —cO;, shf, chd, s0, cb, —shf0, —chd, 0 5
—c0, s0, ch0, shO, ¢O, —sO, —chl, —sh0, m¥(f7) 6
s, c0, sh0, «chd, 0 0 0 0 —1 + 97 7
0 0 0 0 —sp/ —cpt shft  chf/ 0 8
0 0 0 0 —cfit sp/ chp/  shf/ 0 9

(A1)



and
el G G, C, Cs Cs e Gy G Ci Cn Cn Ci Cu
F 0 1 0 1 0 0 0 0 0 0 0 0 0 0 1
1 0 1 0 0 0 0 0 0 0 0 0 0 0 2
s0, ch, sho, cho, —sO;, —cO, —shf, —chb, 0 0 0 0 0 0 3
ch, —s6,  cho, sho, —cb, s0, —chfd, —sho, 0 0 0 0 0 0 4
—sf,  —cB,  shf, cho, s, ch, —shf, —chd, 0 0 0 0 0 0 5
—cb, s, cho), sho, ¢, —sf,  —chf, —sh6, 0 0 0 0 miF(pL) 0 6
s0, cb, sho), ch6, 0 0 0 0 0 0 0 0 —1 4+ 0 7
[Blo = 0 0 0 0 s0, c0, sh, chd, —sO, —cB, —shd, —cho, 0 0 8
0 0 0 0 c0, —s0,  cho, sh0, —cb, s0, —ch0, —sh0, 0 0 9
0 0 0 0 —s0, —c0, sho, cho, s0, c0, —sh0, —ch0, 0 0 10
0 0 0 0 —cb, s0, ch0, sh0, cl, —s6, —chO, —sho, 0 miF(p7) 11
0 0 0 0 s6, cb, sho, ch6, 0 0 0 0 0 —1+ 73 12
0 0 0 0 0 0 0 0 —sp/  —cpt shps  chp/ 0 0 13
0 0 0 0 0 0 0 0 —cft  spt chfil shp/ 0 0 14

Where s6, = sin f/¢&,, ¢0, = cos /&, shh, = sinh /&, chd, = cosh /&, 0, = BLE, mF =m,/my, y; = & |w;
(v=1~2) and sp/ = sin pZ, c¢f/ = cos £, shf/ = sinh p/, chfi/ = cosh p7.
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